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Preface 
 
 
First of all, I would like to say welcome to Bukittinggi, Indonesia to all of you. It is an 
honour for us to host this conference. We are very happy and proud because the 
participants of this conference come from many countries; we have participants 
from Libya, Japan, Qatar, India, Malaysia, Singapore, Thailand, Iran, and many 
more. 
Ladies and gentlemen, according to constructivism theory, mathematics comes out as 
a result of social construction; that's why, the outcomes of our researches in 
mathematics, like theorem or formula of mathematics, should be communicated in a 
scientific forum such as seminar or conference. Through this kind of seminar or 
conference, we could refine the existing theorems or we could get new ideas to 
produce a new one. Seminar or conference which is held annually enables us to 
continually develop the science of mathematics until the end of the time. 
That's way, in this two-day conference, we are going to discuss around 250 papers 
coming from diverse aspects of mathematics ranging from analysis, applied 
mathematics, statistics, algebra, Computational Mathematics, mathematics 
education, and other related topics. 
For all of us here, I would like to convey my endless appreciation and gratitude for 
your participation in this conference. 
 
Thank you very much 
 
 
 
 
 
 
 
Dr. I Made Arnawa  
Chairman of the Conference 
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Message from Rector Andalas University 
 
It gives me great pleasure to extend my sincere and warm welcome to the 
participants of the 5th International Conference on Mathematics Statistics and 
Application (The IMT GT's 5th ICMSA 2009) - A Joint Scientific Program 
organized by Universities over Indonesia, Malaysia and Thailand Growth Triangle 
Region. On behalf of Andalas University, let me welcome all of you to the 
conference in Bukittinggi, West Sumatra Province, the land of Minang kabau. 
We believe that from this scientific meeting, all of participants will have time to 
discuss and exchange ideas, findings, creating new networking as well as strengthen 
the existing collaboration in the respective fields of expertise. In the century in which 
the information is spreading in a tremendous speed and globalization is a trend, 
Andalas University must prepare for the tough competition that lay a head. One way 
to succeed is by initiating and developing collaborative work with many partners 
from all over the world. Through the collaboration in this conference we can improve 
the quality of our researches as well as teaching and learning process in mathematics 
and to achieve standards and requirements applied in many developed countries. I 
strongly believe that this conference is and extraordinary testimony to our capacity 
building at international, regional and local level.  
I would like to express my deep gratitude to International Scientific Committee of 
who has honored the Mathematics Department, Faculty of Mathematics and Natural 
Sciences, Andalas University to host this prestigious conference. This is a very 
special opportunity for us to be involved in a regional community of knowledgeable 
scientist in the field of mathematics, statistics and their applications. I would also like 
to extend my gratitude to keynote speakers, participants, and organizer of this 
conference for their contribution to this event. My special thank is also rendered to 
the local government of West Sumatra for various supports and facilities. 
Finally I wish all participants a fruitful deliberation at the conference. I also wish all 
participants and accompanying spouses a pleasant and enjoyable stay in Bukittinggi 
City, West Sumatra.  
 
 
 
Prof. Dr. Ir. Musliar Kasim, MS 
Rector 
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Abstract 
 
The activity times in a network is seldom precisely known, and then could be represented into the fuzzy numbers. This 
paper aims to determine the service cycle completion time of the acyclic fork-join queuing networks with fuzzy number 
activity times using fuzzy number max-plus algebra. This paper is a theoretical investigation based on literature and 
computation using MATLAB program. The finding shows that the service cycle completion time is a eigenvalue of 
matrices over fuzzy number max-plus algebra in the system. 
 
Keywords: Max-Plus Algebra, Queuing Networks, Fuzzy Number, Completion Times, Eigenvalues. 
 
1. Introduction 
The max-plus algebra can be used to model and analyze a network, like the project scheduling, 
production system, queueing networks, etc [1], [2] and [3]. The networks modeling with max-plus algebra 
approach is usually a max-plus linear system equations and it can be written as a matrix equation. The 
periodical properties of networks dynamics can be analyzed through the max-plus eigenvalues and 
eigenvectors of matrices in its modelling. In [3] and [4] have been discussed an algebra model of the acyclic 
fork-join queuing networks with real (crisp) activity times using max-plus algebra into a system of max-plus 
linear equations. The service cycle completion time of the networks is an eigenvalue of matrix in the system 
have been discussed in [4].   In [5] have been discussed an algebra model of the acyclic fork-join queuing 
networks with interval activity times using max-plus algebra into a system of interval max-plus linear 
equations. The service cycle completion time of the networks is an eigenvalue of interval matrix in the 
system, also have been discussed in [5]. 
Recently, the fuzzy networks modelling has been developed. The activity times in a network is seldom 
precisely known, and then could be represented into the fuzzy numbers and then is called fuzzy activity times. 
In [6] have been discussed an algebra model of the acyclic fork-join queuing networks with fuzzy activity 
times using fuzzy number max-plus algebra into a system of fuzzy number max-plus linear equations. The 
eigenvalues of matrices over fuzzy number max-plus algebra, that is called fuzzy number max-plus 
eigenvalues have been discussed in [7]. 
 Following the notion of the service cycle completion time of network analysis in [4] and [5] and using 
some results in the fuzzy number max-plus eigenvalues [7], this paper will discuss the application of fuzzy 
number max-plus eigenvalues on queuing networks with fuzzy activity times, especially on the service cycle 
completion time issue. 
 
2. Fuzzy Number Max-Plus Eigenvalues 
In this section we will review some concepts of fuzzy number max-plus eigenvalues. Further details can 
be found in [7]. We assume that readers have known some basic concepts of fuzzy set and fuzzy number [8], 
[9] and [10]. Further details can be found in  [8], [9] and [10].  
Definition 2.1 Let F(R) ~ := F(R)  { 
~ }, where F(R) is  set of all fuzzy numbers and ~  : = {}, with the 
-cut of ~ is   = [,] ,    [0, 1]. In (F(R)) ~ , we define the operations 
~
and 
~
as follow, for 
every a~ , b
~
 F(R) ~  and  k  R
+ 
, with a

 = [
a , a ]  I(R)max and b

 = [
b , b ] I(R)max, where I(R)max 
is interval max-plus algebra. 
i) a~ 
~
b
~
= max( a~ , b
~
) is fuzzy number with its -cut is  
(a  b)  := [
a  b , a  b ],  for every   (0, 1] 
ii) a~ 
~
b
~
= a~ + b
~
 is fuzzy number with its -cut is 
(a  b)   :=  [
a  b , a  b ],  for every   (0, 1]. 
  iii)  k 
~
a~ is fuzzy number with its -cut is 
          (k  a)   :=  [k 
a , k  a ],  for every   (0, 1]. 
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We can show that -cuts  in this definition satisfied the conditions of -cut  of a fuzzy number. Since (I(R),
 ,  ) is an idempotent comutative semiring, from the operations in (F(R) ~ , we can show that (F(R), 
~
, 

~
) is an idempotent comutative semiring, with  neutral element is ~  = {} and  unity element is e~  = {0}, 
with e

 = [0, 0] ,   [0, 1]). The idempotent comutative semiring F(R)max := (F(R) , 
~
, 
~
) is called 
fuzzy number max-plus algebra, which is written as  F(R)max .  
Definition 2.2 Define F(R) nm max := { A
~
= ( A
~
ij) A
~
ij  F(R)max , for i = 1, 2, ..., m and j = 1, 2, ..., n }. The 
elements of  F(R) nm max is called matrices over fuzzy number max-plus algebra.  
Further, this matrices would be called fuzzy number matrices. The operations 
~
 and 
~
 in F(R)max can be 
extended to the operations of  fuzzy number matrices in (F(R) nm max . Specifically, for  matrices A
~
, B
~
  F(R)
nn
max  and 
~  F(R)max  we define  
(~  
~
A
~
)ij = 
~ 
~
 A
~
ij, ( A
~

~
B
~
)ij = A
~
ij 
~
 B
~
ij  and  ( A
~

~
B
~
)ij = kjik
n
k
BA
~~~
1


. 
For every A
~
  F(R) nm max  and for some number   [0, 1] define -cut matrices of A
~
, that is interval 
matrices A

 = (

ijA ) , with 

ijA is the -cut of A
~
ij for every i and j. We notice that A

  I(R) nm max , so 
according to the results of section 3, we have that A
  [
A , A ].  Moreover,  for  matrices A
~
, B
~
  (F(R)
nn
max , where A

  [
A , A ] and B  [ B , 

B ], we have that ~  
~
A
~
, A
~
 
~
 B
~
 and A
~
 
~
B
~
 is the 
fuzzy number matrices with their -cut  matrices are (  A)  [ 
A ,  A ], (A  B)  [ A  B ,
A  B ] and (A  B)  [ A  B ,  A  B ], respectively. 
  
Definition 2.3 Let A
~
 F(R) nnmax . The fuzzy number scalar 
~
 F(R)max is called fuzzy number max-plus 
eigenvalues of matrices A
~
 if there exist a fuzzy number vector v~   F(R) nmax  with v
~   ε~ n1 such that A
~

~
 
v~  =  
~
 
~
 v~ . The vector v~   is called  fuzzy number max-plus eigenvectors matrces A
~
 associaed with 
~
. 
 
Theorem  2.1 Let A
~
 F(R) nnmax . The fuzzy number scalar max
~
( A
~
) = 
1][0,
max


~
 , where 
max
~
is a fuzzy set 
in R with membership function  max
~ (x) =   max
~ (x), where  max~
is a characteristic function of the set 
[max(
A ), max(

A )], is a fuzzy number max-plus eigenvalues of matrices A
~
, with max(
A ) = 

n
k 1
(
k
1
ii
k
n
A ))((
1i




) and max(

A ) = 

n
k 1
(
k
1
ii
k
n
A ))((
1i



 . 
Proof: see [7]. 
  
3. Service Cycle Completion Time  
We consider a network with n single-server nodes and customers of a single class. Further details can be 
found in  [3] and [4]. The structure of the network is described by an oriented acyclic graph G = (N, A) , 
where the arcs determining the transition routes of customers. For every node i, we denote the sets of its 
immediate predecessors and successors respectively as P(i) = { j  (j, i)  A )  and S(i) = { j  (j, i)  A ). 
Let ia
~ (k) = fuzzy arrival time of kth customer at node i. 
id
~
(k)  = fuzzy departure time of kth customer at node i. 
  ikt
~
     =  fuzzy service time of kth customer at server i.  
We assumed that the network start operating at time zero,  id
~
(0) = 0 =  0
~
and id
~
(k) =  = ~  for all k  0, i = 
1, ..., n. Let d
~
(k) = [ 1d
~
(k) , 2d
~
(k), ... , nd
~
(k)]
T
 ,  a~ (k) = [ 1a
~ (k) , 2a
~ (k), ... , na
~ (k)]T . The explicit dynamic 
state equation of networks is given in theorem bellow. 
 
Theorem 3.1 Given the acyclic fork-join queuing networks with fuzzy number activity, with structure graph 
of the networks has the longest path p dan adjacency matrix G
~
. The explicit dynamic state equation of 
networks is d
~
(k) = A
~
(k) 
~
 d
~
(k 1), where A
~
(k) = ( E
~

~
( kT
~

~
G
~
))
p 
~
kT
~
,   
E
~
= 










0
0
~
ε~
ε~
~
 and G
~
ij = .~ε
iPj,
~





otherwise   , 
 )( if0 0

 
Proof: see [6] 
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 Before we give an example, we remember about a special fuzzy number. A triangular fuzzy number a~ , 
which is written as TFN(a1, a, a2) or shortly (a1, a, a2), is a fuzzy number with membership function 
   a~ (x) = 















others,
axa,
aa
xa
axa,
aa
ax
0
2
2
2
1
1
1
. 
The support of a~  is an open interval (a1 , a2) and its -cut is 
a

 = 





     0,                                    ],[
]1,0(,])(,)[(
21
2211


aa
aaaaaa
. 
Example 3.1 The acyclic fork-join queuing networks with n = 5 is shown in Figure 1 bellow. 
 
 
Figure 1. The acyclic fork-join queuing networks [6] 
 
Let  kt
~
1 = (2, 3, 4),  kt2
~
 = (3, 4, 5), kt3
~
 = (5, 6, 6),  kt3
~
 = (4, 4, 5), kt5
~
= (3, 5, 6). We have  
















(1)
(1)
(1)
(1)
(1)
5
4
3
2
1
d
~
d
~
d
~
d
~
d
~
=
















(3,5,6)(7,9,11)(8,11,12)(10,13,16)(10,14,16)
(4,4,5)(7,8,10)(6,7,9)
(5,6,6)(7,9,10)
(3,4,5)
(2,3,4)
ε~ε~
ε~ε~ε~
ε~ε~ε~ε~
ε~ε~ε~ε~

















(0,0,0)
(0,0,0)
(0,0,0)
(0,0,0)
(0,0,0)
=
















(10,14,16)
(7,8,10)
(7,9,10)
(3,4,5)
(2,3,4)
, 
 
















(2)
(2)
(2)
(2)
(2)
5
4
3
2
1
d
~
d
~
d
~
d
~
d
~
=
















(3,5,6)(7,9,11)(8,11,12)(10,13,16)(10,14,16)
(4,4,5)(7,8,10)(6,7,9)
(5,6,6)(7,9,10)
(3,4,5)
(2,3,4)
ε~ε~
ε~ε~ε~
ε~ε~ε~ε~
ε~ε~ε~ε~

















(10,14,16)
(7,8,10)
(7,9,10)
(3,4,5)
(2,3,4)
=
















(15,20,22)
(11,12,15)
(12,15,16)
(6,8,10)
(4,6,8)
. 
















(3)
(3)
(3)
(3)
(3)
5
4
3
2
1
d
~
d
~
d
~
d
~
d
~
= 
















(20,26,28)
(13,16,20)
(17,21,22)
(9,12,15)
(6,9,12)
, 
















(4)
(4)
(4)
(4)
(4)
5
4
3
2
1
d
~
d
~
d
~
d
~
d
~
= 
















(25,32,34)
(16,20,25)
(22,27,28)
(12,16,20)
(8,12,16)
, 
















(5)
(5)
(5)
(5)
(5)
5
4
3
2
1
d
~
d
~
d
~
d
~
d
~
= 
















(30,38,40)
(19,24,30)
(27,33,34)
(15,20,25)
(10,15,20)
, ... . 
We consider the evolution of the system as a sequence of service cycles: the 1st cycle starts at the initial time, 
and it is terminated as soon as all the servers in the network complete their 1st service, the 2nd cycle is 
terminated as soon as the servers complete their 2nd service, and so on. Clearly, the fuzzy completion time of 
the kth cycle can be represented as  
))((max kd
~
i
i
 
and the fuzzy service cycle completion time of the networks  can be represented  
~ = ))((max
1
lim kd
~
k iik 
. 
Theorema 3.2 The acyclic fork-join queuing networks with fuzzy number activity with the explicit dynamic 
state equation d
~
(k) = A
~
(k) 
~
 d
~
(k 1), has the fuzzy service cycle completion time ~ = max
~
( A
~
), that is 
an eigenvalue of  A
~
.  
Proof: 
According to the Theorem 2 in [5] we have ))((max
1
lim kd
k iik


 = [max(
A ), max(

A )]  ,   [0,1], where 
max(
A ) = 

n
k 1
(
k
1
ii
k
n
A ))((
1i




) and max(

A ) = 

n
k 1
(
k
1
ii
k
n
A ))((
1i



 . According to the [7] we know 
that [max(
A ), max(

A )]  is a nested interval. Using the Decomposition Theorem in Fuzzy Sets, fuzzy 
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number scalar max
~
( A
~
) = 
1][0,
max


~
, where max
~
is a fuzzy set in R with membership function  max
~ (x) = 


max
~ (x), where  max~
is a characteristic function of the set [max(
A ), max(

A )], is a fuzzy number max-
plus eigenvalues of matrices A
~
. So we have, ~ = ))((max
1
lim kd
~
k iik 
= max
~
( A
~
).   ■ 
Example 3.2  
From Example 3.1, using MATLAB computer program, we sketch the bounds -cut of  max
~
( A
~
) in the 
Figure 3.2 bellow. 
 
Figure 2. Sketch the bounds -cut of  max
~
( A
~
) 
From Figure 2, we can determine that  ~ = ))((max
1
lim kd
~
k iik 
= max
~
( A
~
) = TFN(5, 6, 6). 
 
Conclusion 
 
 We can conclude that that the service cycle completion time of the acyclic fork-join queuing networks 
with fuzzy number activity times is an eigenvalue of matrices over fuzzy number max-plus algebra in the its 
explicit dynamic state equation.   
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